Abstract. We study a nonlocal parabolic problem airing in the modeling of linear friction welding. Using some a priori estimates, we derive the global in time existence of solution of this nonlocal problem.
Introduction
In this paper, we study the following nonlocal parabolic problem: The problem (1.1) arises in the study of linear friction welding for a hard material. The physical model is given by
In the physical model, the parameter p is close to 4 (cf. [6] and references therein). For some related works on nonlocal parabolic problems, we also refer the reader to [2, 1, 3, 4, 5, 6] .
In order to understand the model (1.2)-(1.4), it is proposed in [6] the following approximated problem:
where K is any positive constant. Then, by a suitable re-scaling, (1.5)-(1.7) is reduced to the problem (1.1) with λ := λ(K) := K 1−1/p . The steady states of (1.1) has been studied in [5] . The main purpose of this paper is to answer the question raised in [5] , namely, whether the solution of (1.1) exists globally (in time). In [6] , numerical simulations indicate that the solution of (1.1) exists globally. The main purpose of this paper is to prove this result rigorously as follows.
Theorem 1.
The solution of (1.1) exists for all time 0 < t < ∞, and there exists a positive constant c 2 such that c 2 
The details of proof of Theorem 1 is given in the next section.
Proof of Main Theorem
The proof of Theorem 1 is divided into the following lemmas. In this section, we shall let u be the solution of (1.1) with the maximal existence time interval [0, T ) for some T ≤ ∞. Lemma 2.1. There exist positive constants η and C * , independent of T , such that
Proof. Since p > 1, we can choose α ∈ (0, 1) such that
We take
By parabolic estimates, for any T 1 < T ,
where the constant C α is independent of T 1 and T . In view of (2.2), we can choose C * to be large enough so that
With our choice of C * , (2.1) is clearly valid for t = 0. If (2.1) is not valid, then there must be a T 1 < T such that
Using this in (2.3) we find that
In particular,
This is a contradiction to (2.4). Hence the lemma follows.
Lemma 2.2.
There exists a positive constant c 0 , independent of T , such that
Proof. We take positive constants c 1 and c 2 such that
In view of (2.3), if u(0, t 1 ) = c 1 and
Let ϕ be the solution of
We then take c 0 such that
It is clear that (2.5) is true for small t. If (2.5) is not always true, then there exists t 1 and t 2 such that
Note that we always have
so that, by comparison principle,
In particular, recalling (2.6) (t 2 − t 1 ≥ γ) and the definition of c 0 , we conclude
which is a contradiction. In particular, this implies that Proof. Let c * 0 be given by the above lemma. Takec 0 andc 1 such that
If the conclusion is not true, then there exist t 2 > t 1 > 0 such that u(0, t 1 ) =c 1 ,c 0 < u(0, t) <c 1 for t 1 < t < t 2 , u(0, t 2 ) =c 0 .
Using Lemma 2.1 we find that g(t)u −p (x, t) ≤ C * u η (0, t) < c * 0 for 0 < x < 1, t 1 < t < t 2 .
Using Lemma 2.3 we find that
Therefore by comparison principle u(x, t) ≥c 1 + c * 0 2 x 2 for 0 < x < 1, t 1 < t < t 2 , which implies that u(0, t 2 ) ≥c 1 >c 0 , which is a contradiction. Combining these lemmas, we conclude the proof of Theorem 1.
